
Dr. Marques Sophie Algebra 1 Fall Semester 2014
Office 519 marques@cims.nyu.edu

Midterm

The grader cannot be expected to work his way through a sprawling mess of identities
presented without a coherent narrative through line. If he can’t make sense of it in finite
time you could lose coherent narrative through line. If he can’t make sense of it in finite
time you could lose serious points. Coherent, readable exposition of your work is half the
job in mathematics.

Problem 1 :

Consider a composite φ ˝ ψpxq “ φpψpxqq of two maps X
ψ // Y

φ // Z . If the
maps φ and ψ are injective/surjective/bijective, what can you say about
φ ˝ ψ ? Write I if the composite is injective but not surjective , S if it is
subjective but not one-to-one, and B if is bijecitve. (These possibilities are
mutually exclusive.)

1. Enter one of these symbols in the following diagram if the composite
φ ˝ ψ always has that property.

2. Write ˆ if φ ˝ ψ does not always have one of these properties

map φ

map ψ

I S B
I
S
B

You need not give any explanation for your answers, but will lose points for
incorrect answer.

Solution :

map φ

map ψ

I S B
I I ˆ I
S ˆ S S
B I S B

Problem 2 :
The rational numbers Q are constructed from the integers Z by imposing
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an RST relation „ on the set of pairs of elements of Z,

X “ tpp, qq : p, q P Z, q ‰ 0u :

pp, qq „ pr, sq ô ps “ qr

Then Q is the space of equivalence classes rpp, qqs of fraction symbols. We
impose algebraic operation p`q and p¨q in Q by defining

rpp, qqs ` rpr, sqs “ rppq` qr, qsqs and rpp, qqs ¨ rpr, sqs “ rppr, qsqs

From these definitions, prove that these operations well defined in spite
of our use of representatives in their definitions, that means prove that
pp, qq „ pp1, q1q and pr, sq „ pr1, s1q implies that pps ` qr, qsq „ pp1s1 ` q1r1, q1s1q and
ppr, qsq „ pp1r1, q1s1q. (Note : We denote p{q “ rpp, qqs.)

Solution :
Following the hint, try the second identity first :
Data : pp, qq „ pp1, q1q so pq1 “ p1q in Z, pr, sq „ pr1, s1q so rs1 “ r1s. To be pro-
ven : ppr, qsq „ pp1r1, q1s1q, or prq1s1 “ p1r1qs in Z. Substitute rs1 “ r1s to make this
p1qr1s “ p1r1qs “ p right side of p1q). Done.
For paq, we have same data and must show :

pps` qrqq1s1 “ psq1s1 ` qrq1s1

is equal to qspp1s1 ` q1r1q “ qsp1s1 ` qsq1s1. On then left, make substitutions

psq1s1 ` qrq1s1 “ p1qss1 ` qrq1s1 “ p1qss1 ` qq1r1s

This is equal to the right side, as desired.

Problem 3 :
Let pG,`q be an abelian group written in the additive notation. Integer k P Z
act on group element x P G by taking additive powers

$

&

%

k ¨ x “ x` ¨ ¨ ¨ ` x pk times i f k ą 0q
0 ¨ x “ 0G p the additive identity element in Gq
´k ¨ x “ p´xq ` ¨ ¨ ¨ ` p´xq pk ą 0; ´x “ additive inverse of xq

If a, b P G, prove that

1. The subset S “ Za`Zb “ tk ¨ a` l ¨ b : k, l P Zu is a subgroup of pG,`q ;
2. S is precisely the subgroup H “ă a, b ą generated by a and b.

Solution :

1. We must show

(a) 0 “ 0E P S ;
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(b) S` S Ď S ;

(c) the set of additive inverses ´S is Ď S. Since 0 ¨a “ 0G, 0 ¨b “ 0G and 0G`0G “ 0G
we get 0G P S.

For 3.,

pk ¨ a` l ¨ bq ` pk1 ¨ a` l1 ¨ bq
“ k ¨ a` k1 ¨ a` l ¨ b` l1 ¨ b pcommutativity, associativity of (+) operationq
“ pk` k1q ¨ a` pl` l1q ¨ b pExponent lawsq

So, S` S Ď S.
For 3., we know ´pk ¨ xq “ p´kq ¨ x “ k ¨ p´xq by definition of additive kth powers
when the exponent is ă 0. (As a check : k ¨ x`p´kq ¨ x “ pk`p´kqq ¨ x “ 0 ¨ x “ 0G,
so p´kq ¨ x “ 0G ; similarly, k ¨ x` k ¨ p´xq “ 0G so k ¨ p´xq “ ´pk ¨ xq too.) Thus

´pk ¨ a` l ¨ bq “ ´pk ¨ aq ` p´pl ¨ bqq “ p´kq ¨ a` p´lq ¨ b

is in S. H is a subgroup that contains a, b.

2. The last remark implies ă a, b ą“ smallest subgroup containing a, b Ď H. But every
x Pă a, b ą has the form x “ x1 ` ¨ ¨ ¨ ` xm (m ă 8) where xi “ ˘a or ˘b.
Since G is abelian we may gather together all occurrences of ‰ a followed by the
xi ‰ ˘b to rewrite this word as n1a`p´n2qa`n3b`p´n4qb (n1`n2`n3`n4 “ m,
ni ą 0q “ pn1 ´ n2q ¨ a ` pn3 ´ n4q ¨ b. This lies in H, so x Pă a, b ąñ x P H and
ă a, b ąĎ H. Hence ă a, b ą“ H.

Problem 4 :
Let H be a subgroup in a finite group G. If G is generated by a set S, so
G “ă S ą, prove that H is a normal subgroup in G if and only if sHs´1 Ď H
for all s P S.
Note : Results of this sort are useful because it is easier to check an algebraic
property for a small set of generators than to prove it holds for all elements
of G.

Solution :
If G “ă S ą, H a subgroup and sHs´1 “ H for all s P S first observe that Hs´1 “ s´1H
and H “ s´1Hs for all s P S, so H is invariant under conjugation by every element m the
enlarged ”alphabet” SUS´1. G then consists of all ”words” of finite length :

1. w “ w1 . . .wr such that r ă w, each wi P S X S´1. We must show wHw´1 “ H for
all such w. But if h P H,

2.
wHw´1 “ pw1 . . .wrqHpw1 . . .wrq

´1

“ pw1 . . .wrqHpw´1
r . . .w´1

1 q

“ w1pw2p. . . pwrHw´1
r q . . .w

´1
2 qw

´1
1

But wiHw´1
i “ H, for any wi P S X S´1 so wrHw´1

r “ H, wr´2wr´1Hw´1
r´1w´1

r´2 “

wr´2Hw´1
r´2 “ H, etc. We conclude that whw´1 P H for all words, so H is normal in

G.
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Problem 5 :
If G is a group that has no proper subgroups pH ‰ teu and H ‰ G), In this exercise we
will prove that :

1. G must be cyclic and finite.

2. Either G is trivial or G » pZ{pZ,`q for some prime p ą 1.

We do not assume G finite.

In order to prove this, please follow the questions above :

1. If G is non-cyclic, give a proper subgroup of G ;

2. If G is cyclic and of infinite cardinality, to which well-known group G
is it isomorphic (Theorem of structure of cyclic groups) ? Give then a
proper subgroup of this very well-known group.

We have now proven that G without proper subgroup implies that it is finite
and cyclic.

3. Suppose that G is finite, cyclic and non-trivial , to which well-known
group G is it isomorphic (Theorem of structure of cyclic groups) ? If
its cardinality is not prime, find a proper subgroup of this well-known
group G.

(Note that this complete the proof).

Solution :

1. If a ‰ e then H “ă a ą“ tak : k P Zu must equal G if there are no proper subgroups,
so G is cyclic. In notes, we showed G » pZ,`q if |G| “ 8, but Z contains proper
subgroups such as 2Z Ĺ Z, so G in fact is finite and » pZ{nZ,`q for some n.

2. We showed that the cyclic generators of the additive group Z{nZ are precisely its
units Un “ trks : 1 ď k ă n, gcdpk,nq “ 1u. If n “ p is a prime its divisors are
only ˘1, ˘p, so gcdpk, pq “ 1, for all 1 ď k ă n. In this case, Up “ pZ{pZqˆ “
tg P Z{pZ : g ‰ r0su and all rks ‰ r0s generate the entire group pZ{pZ,`q.
Thus if rks ‰ r0s we have ă rks ą“ Z{pZ and there are no proper subgroups. If
n is not a prime, n “ uv with 0 ă u, v ă n. Then k “ n{u “ v is an integer,
1 ă k ă n, such that r0s, rks, 2rks, . . . , pn{k´ 1qrks are distinct elements in r1,n´ 1s
and pn{kqrks “ rns “ r0s (Distinct because all the terms jk are ă n and increase
strictly from zero).
Thus oprksq “ n{k ă n and H “ă rks ą“ t jrks : j P Zu has |H| “ n{k ă n “ |G|.
But |H| ą 1 because k ą 1, so H is a proper subgroup.
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